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Abstract 
Given are two disjoint groups U and V each containing 2”-’ people. Suppose an experiment (or 
a game) requires pairwise comparisons between u~ZJ and UEV in such a way that UEU (ug V) is 
compared exactly with n people VE V (ueU). Only one comparison can be done at a time, and the 
comparisons are made along the n2”-’ edges of the n-cube graph Q. with vertex classes U and V. 
The paper deals with sequential orderings of these n2”-’ pairs (u, U)EU x V for which the maximum 
time duration a person has to stay in the sequence for comparison purposes or the total time 
duration of all 2” people in the sequence, respectively, is small. Analogous problems of finding 
optimal sequences of all k-subsets of an n-set or of all pairs (x, ~)EX x Y, 1x1 = ) Y] = n, were 
considered by Hwang and Lagarias and Griinwald and Weber respectively. 
1. Introduction 
Given are two disjoint groups U and V each containing 2”- ’ people. Suppose an 
experiment (or a game) requires pairwise comparisons between UE U and VE V in such 
a way that each UEU (VE V) is compared with exactly n people VE V (uEU). Suppose 
further only one comparison can be done at a time. For a sequential ordering fof the 
n2”-1 comparison pairs e = (u, U)E U x V denote by f(e) the position of e in this 
sequence. If E(x) means the set of all pairs e containing the person x, then 
Df(x) = max If(e) -f(e’)l + 1 
e,e’eE(x) 
Correspondence to: Professor Dr. N. Griinwald, Hochschule Wismar, Fachhochschule fur Technik, 
Wirtschaft und Gestaltung, Fachbereich Maschinenbau, Postfach 1210, 23952 Wismar, Germany. 
0166-218X/93/$06.00 0 1993-Elsevier Science Publishers B.V. All rights reserved 
100 S. Bezrukov et al. 
represents the time duration the person x has to stay in the sequence for comparison 
purposes. The problems considered are to find sequences f that minimize the 
maximum stay duration 
W, = max Df(x) 
XEUU v 
or the total stay duration 
respectively. 
Suppose we take the n-cube graph Qn in order to model the prescribed situation. Q,, 
consists of the 2” vertices x = (xi, . . . , x,J, x&O, l}, and the n2”-’ edges between 
vertices differing in exactly one coordinate. A vertex XEQ, is called even (odd) if it 
contains an even (odd) number of ones. Then we assume that the groups U and V are 
represented by the vertex classes of even respectively odd vertices of Q,,, and the 
comparisons are made along the edges of Q,,. I.e., we are concerned with edge 
numberings (one-one correspondences) f: E(Q,,) + { 1,2, . . . , n2”-l]. 
We may prove the optimality of certain numberings f in the sense that they 
minimize W, or S,, respectively, only for small values of II (n I 4; cf. Section 5). In the 
general case we have only bounds for the parameters 
W(n) = min W, 
(Section 4) and 
S(n) = min S, 
(Section 3), where both minima are taken over all (n2”-‘)! numberings of the edges 
of Q.. 
Finally, in Section 6 we show that a random numbering yields asymptotically the 
worst case (i.e., n2”-l or 2”. n2n-1, respectively) with high probability. 
2. Further notation and basic facts 
l G: also the vertex set of the graph G, 
0 1 G I: the order of G = number of vertices, 
l E(G): edge set of G. 
For vertices x = (xi, . . . . x,)EQ,: 
0 
l 
Ix1 = f; xi, 
i=l 
U(X) = ~ Xi2n-i. 
i=l 
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l L,: lexicographical ordering of the vertices of Qn, 
x cL,y ifl 4x1 < U(Y), 
l H: Harper ordering of the vertices of Q,,, 
x +fY iff (a) 1x1 < IYI or 
(b) 1x1 = IYI and v(x) > U(Y), 
l L,: lexicographical ordering of the edges of Qn, 
e = (X>Y), 1x1 < IYI, e’ = (x’, Y’), WI < IY’I, 
e -+,e’ iff (a) u(y) < u(y’) or 
(b) y = y’ and v(x) > u(x’). 
For an edge set A c E(Q,,): 
l V(A): set of all vertices incident with edges from A, 
0 m(t) = min ) V(A)\, 
fAl=t 
l M(t) = max I V(A)1 . 
(Al=1 
Fact 2.1 (LindstrGm [S]). The minimum m(t) is achieved for the jirst t edges of L, . 
l G,(A): set of edges eEE(Q,)\A adjacent to edges of A, 
l RI (A): subset of vertices of V(A) incident with edges of G1 (A), 
0 rl(t) = minlal=t (R,(A)\. 
For a vertex set X c Qn: 
l E(x): set of all edges e induced by X (both ends of e are in X), 
l T(X): set of all edges e = (x, y), XEX, YEQ~\X (edge boundary), 
l R(X): set of all vertices of X incident with edges of T(X) (vertex boundary), 
0 I(X) = X\R(X): set of all interior vertices, 
e(m) = max jE(X)l, 
y(m) = minlW31, 
r(m) = min(R(X)I, 
i(m) = max(Z(X)J. 
Maxima and minima taken over all X c Q,, with 1x1 = m. 
Clearly i(m) = JXJ - r(m). 
Fact 2.2 (Harper, Bernstein, Hart; cf. [4,6]). The maximum e(m) and simultaneously the 
minimum r(m) is achieved for the$rst m vertices of L,. Moreover, 
e(m) 5 mrlog, m1/2. (1) 
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Fact 2.3 (Harper [S]). The minimum r(m) and simultaneously the maximum i(m) is 
achieved for the first m vertices of H. 
Fact 2.4. The minimum of ) G1 (A)I, taken over all edge sets A E E(Q,,) of cardinality t, is 
achieved for the first t edges of ~5,. 
Proof. Let (A( = t be given and suppose ( V(A)( = m. Then (G,(A)1 = IE(V(A)( 
-t + IT(V(A))J and 2IE(V(A))l + IT(V(A))I = nm. Hence 
ICI(A)\ = nm - t - JE(V(A))l >_ nm - t -e(m). 
Since e(m + 1) - e(m) I n (cf. Fact 2.2) it follows by Fact 2.1 that 
min IG,(A)( = rim(t)) - t - e(m(t)). q (2) 
IAl=f 
For an edge numbering f: 
l G,(t): graph consisting of the edges with numbers 1,2, . . . , t and the vertices 
incident with these edges, 
l 8,(t): number of those vertices of Gr(t) which are also incident with an edge 
having a number s > t, 
0 O(t) = minr Q,(t). 
(Clearly, O(t) = rl(t), t = 1,2, . . . . n2”-‘.) 
Fact 2.5. 
W(n) 2 max min ICI(A)1 + 1. (3) 
l~f4n2”-’ A;A.Ei?d 
Proof. Let f be an arbitrary edge numbering. Put A = E(G,(t)) and define 
II = max,&,(A) f(e). Then II 2 t + ICI(A)1 and therefore W, 2 l1 - t + 1 
2 IGl(A)J + 1. q 
For a numbering f and a vertex XEQ,: 
I&) = min f(e), 
esE(x) 
Mf(x) = max f(e). 
eeE(x) 
(Clearly, Df(x) = M,(x) - pf(x) + 1.) 
Fact 2.6. For any numberingf 
Ia-’ 
s, = c 8, (t) + 2”. 
t=1 
Proof. A ‘fixed vertex XEQ, is counted by O,(t) for t = pf(x), pf(x) + 1, . . . . 
M,(x) - 1, i.e., exactly M,(x) - ,u~(x) times, q 
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Theorem 3.1. There are positive constants cl, c2 such that 
c14” I S(n) I c2Jn4”. 
Proof. Lower bound: We are going to show that S, 2 c14” for an arbitrary edge 
numbering f of Qn. Since for an arbitrary edge set A G E(Q,,) the equality 
R,(A) = R,(E(Q,)\A) is evident from (4) we derive 
n2”- ’ n2”-’ (n-1)2”-* 
Sf 2 C 0(t) = 1 rl(t) 2 2 C rl(t). 
i=l t=1 f=l 
Now let JAI = t, ) V(A)\ = m and p = m - IR,(A)j denotes the number of interior 





2 n-l . 
By (1) we know that Irlog,ll /2 < t I (1 + 1) rlog,(Z + 1)1 /2 implies m(t) 2 1 + 1. 
Thus by (5), 
(n-l)2”-Z (n-1)2”-* - S(n) 2t 2 2 1 rl(t) 2 2 C m(t)n 
t=1 1=1 n-l 
(n-1)2n-z 
22 t;l mct+&yt]. 
i=1 
Easy calculations show that 
2 (n-1)2n-2 
-1 n-l 
t = n4”-2 - 4”-2 + O(2”) 
I=1 
and 
(n-r?$-‘m(t) 2 ,“i-l(&$ rh, 0 + ui - 3rb211 (I + 1) 
l=l > 
= ndne2 - 54n-2 + O(n2”). 
Hence 
S(n) 2 34”-2 + O(n2”). 
Upper bound: The following numbering fl yields S,, I c2&4”: Label the vertices 
of Q. by 1,2, . . . ,2” corresponding to the Harper ordering H, i.e., the mth vertex of 
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this ordering is labelled by number m. Put fi((l, 2)) = 1. Let all edges induced by 
vertices 1, 2, . . . , m be numbered by 1,2, . . . . t, and let the vertex m + 1 in Qn be 
joined to vertices iI < i2 < ... < ij < m + 1. Then set fi((iI, m + 1)) = t + 1, 
fi((i2, m + 1)) = t + 2, . . ..fi((ij. m + 1)) = t + j. 
(The numbering fi is depicted in Fig. 1 for Qs. See also Table 1.) 
Fig. 1. 
Table 1 
x P,,(X) M/,(X) D,>(X) x P/,(X) Mf,W D,,(x) x flf,(X) M/,(X) D,,(x) 
1 1 5 6 11 14 47 34 21 38 69 32 
2 1 12 12 12 16 50 35 22 41 70 30 
3 2 18 17 13 18 51 34 23 44 72 29 
4 3 22 20 14 20 53 34 24 47 73 27 
5 4 24 21 15 22 54 33 25 50 74 25 
6 5 25 21 16 24 55 32 26 53 75 23 
I 6 32 27 17 26 60 35 27 56 76 21 
8 8 38 31 18 29 64 36 28 60 77 18 
9 10 41 32 19 32 65 3 29 64 78 15 
IO 12 42 31 20 35 68 34 30 68 79 12 
31 72 80 9 
32 76 80 5 
w,,(5) = 36, Sf,(5) = 805 
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The estimation shows that indeed every “level by level” numbering fof the edges of Q. 
yields asymptotically the upper bound n(y). (“Level by level” means a numbering of 
the edges (x, y), 1x1 = 1, IyI = I + 1, by numbers Cf=, i(l) + 1, . . . . CfLh i(l), 1 = 0, 
1 > ...> n-l.) 0 
It is easy to verify that S,, has the order of magnitude &4”: If 
xfzo i(Y) < t I zf:i i(l) then cf=, (1) < (G,, (t)l I xf’i(‘& and from [9] we known 
that O,-,(t) 2 (1). Therefore, 
n2”- ’ n-1 
SfI = c 4f, (t) 2 c c 
f=l I=0 <f<. 0 
; 
n-1 
= CU+l) /I1 ‘; 
l=O ( )() 
w -p. 
7t 
Thus, also a more careful calculation of S,, does not help to improve the order of the 
upper bound in the theorem. 
4. Bounds for W(n) 
Theorem 4.1. There is a positive constant c3 such that for n 2 3 
2”-’ + 2”-3 + 1 I W(n) < c3&Zn. 
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Proof. Lower bound: Put cp(n, t) = rim(t)) - t - e(m(t)), p(n) = max cp(n, t) and 
q’(n) = max cp(n, t), where 1 I t < n2’-l. The latter maximum is taken over those 
t with t = e(m(t)). Then, by (3) and Fact 2.4, W(n) 2 q(n) + 1 2 q’(n) + 1. But 
q’(n) 2 2”-’ + 2”-3 is easily shown by induction. 
Clearly, by Fact 2.1, (~(3, 2) = 5, e(m(2)) = e(3) = 2, and so (p’(3) 2 2’ + 2’. Now let 
A E E(Qn) consist of the first t edges of the lexicographical ordering L,, where the t is 
chosen such that t = e(m(t)) and lG,(A)) = cp(n, t) = q’(n). Then V(A) consists of the 
first m(t) vertices of L,. Adding an (n + 1)th coordinate 0 respectively 1 to all vertices 
XE V(A) we get the vertex sets X0 respectively X1 of Q,,+ i. Clearly, X0 u X, contains 
the first 2m( t) vertices of L, in Qn+ 1, and the edge set B = E(Xo u X,) contains the 
first 2e(m(t)) + m(t) edges of L, in Q,,+i. Thus, IBl = e(m(lB1)) and 
IGI@)I = dn + LI4) = 2lG164)l = W( n 1, and consequently cp’(n + 1) 2 2@(n). 
Upper bound: Let XEQ,, 1x1 = k. For the numbering fi (cf. the proof of Theorem 
3.1) we have 
Ms,(x) - q,(x) + 15 
=k(;)+(k+ 0; l) 
Note again that every “level by level” numbering fof the edges of Q,, yields the same 
upper bound. Moreover, it is easy to see that Wfl has the order of magnitude Jt/2 
such that a more careful calculation of Wfl does not help to improve the order of the 
upper bound in the theorem. 0 
Remark 4.2. From (2) and Fact 2.1 we obtain (~(5, 17) = 21, where 17 = e(m(17)) 
=e(ll). 
Thus, the same reasoning as in the proof of the lower bound in Theorem 4.1 yields 
W(n) 2 2”-’ + 2”-3 + Y-s + 1 for n 2 5. 
Remark 4.3. Instead of the trivial lower bound (3) the following generalization holds: 
W(n) 2 max min max (k$i IGi(A + 1, (6) 
where G,(A) = A, G,(A) is defined in Section 2 and 
Gi(A) = G,(Gi_,(A))\Gi_,(A), i = 2,3, . . . . n - 1. 
Proof. Let be given a numbering fand denote A = E(G,(t)) and ti = max,,Gi(A)f(e), 
i=l , . . . , k. Then 
wr 2 max{h - d, it2 - hi? . . . . bk - tk-11) + 1, 
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and at least one of these differences is greater or equal to (~~=, IGi(A)l)/k since 
maxi <is k ti 2 t f CT= 1 IGi(A 
For k = 1 we get (3). q 
Remark 4.4. For n 2 4 the following numbering fi yields a slight improvement of fi : 
As for fi the vertices of Qn are labelled by 1,2, . . . ,2” corresponding to the Harper 
numbering H. But now we number the edges “from below and from above”: 
For k = 2,3, . . . ,2” do 
(a) Let A0 consist of all unnumbered edges (i, k), i -C k, and set ak_ 1 = IAol. Let 
A consist of all unnumbered edges (2” - k + 1, j), j > 2” - k + 1. Let AI = A\&, 
and set ok-r = IA,/. 
(b) Number the edges of A0 in natural order (i.e., fi((iI, k)) < fi((iz, k)) if ir < i2) 
beginning with the lowest possible integer, say tk_l + 1 until fk_r + a&r. 
(c) Number the edges of AI in natural order (i.e., f2((2” - k + 1, 
j,)) < f,((2” - k + 1, j,)) if j, > j,) beginning with the highest possible integer, say 
n2”_’ -Sk-r until n2”-’ -Sk-r - ok-r + 1. (See Fig. 2 for the case n = 5. See also 
Table 2.) 
But, obviously, also W,, has the order of magnitude 62”. 
Fig. 2. 
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Table 2 
x P,,(X) M/2(X) D,,(x) x PC/,(X) MJA4 D,2(x) x P,,(X) M,,(x) D,,(x) 
1 1 5 5 11 14 42 29 22 39 67 29 
2 1 12 12 12 16 44 29 23 41 69 29 
3 2 18 17 13 18 46 29 24 42 71 30 
4 3 22 20 14 20 49 30 25 44 13 30 
5 4 24 21 15 22 52 31 26 49 75 27 
6 5 25 22 16 24 55 32 21 56 76 21 
7 6 32 27 11 26 51 32 28 57 77 21 
8 8 31 30 18 29 59 ?i 29 59 78 20 
9 10 39 30 19 32 61 30 30 63 79 17 
10 12 40 29 20 35 63 29 31 69 80 12 
21 37 65 29 32 76 80 5 
W,,(5) = 32, S,,(5) = 784 
5. Small values 
In this section we will show the correctness of Table A. 
Values of S(n): For every edge numbering f we have 
n2”-’ n2”-2-l 
S,(n) 2 1 O(t) + 2” = 2 c B(t) + @2”-2) +2” 
t=1 1=1 
n2n-* 
= 2 1 r,(t) + r,(n2”-2) + 2”. 
t=1 
We want to find for every t, 1 I t I n2ne2, a set A of t edges of Qn which minimizes 
IR1(‘J)I ( = r1(r) = O(r)). 
n = 2: It is simple to verify that Table 2.1 is correct. 
Therefore we have S,(2) 2 10 for every edge numbering f: 
Figure 3 shows an edge numbering fof Q2 with S,(2) = 10. (See also Table 3.) 
For an edge set A c Q, with (A( = t and 1 V(A)1 = m we have the following 
inequality: 
2t 2 n-i(t) + r(t) and i(t) + r(t) = m. (7) 
n = 3: For an edge set A and the vertex set I/(A) of Q3 we get with Facts 2.1 and 2.3 
the second and third row of Tables 3.1 and 3.2, (m(t), M(t), i(m), r(m)). Now we want 
to prove the correctness of the 0(t) in Table 3.1. 
For 1 < t I 3 it is easy to check that O(t) is correct. 
t = 4. From Table 3.1 we get 4 I /V(A)/ _< 8. 

















2 c > 
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x P,(X) M,(x) DA.4 
1 1 2 2 
2 1 3 3 
3 2 4 3 
4 3 4 2 
S,(2) = i D,(x) = 10 
x=1 
Table 3.1 
IAl = t m(t) M(t) e(t) 
1 2 2 2 
2 3 4 3 
3 4 6 3 
4 4 8 4 
5 5 8 4 
6 6 8 4 
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Table 3.2 
Fig. 4. 
Let 1 V(A)1 = 4 and suppose r( 1 V(A)I) = 3. Then one of the four vertices must be ai 
interior vertex. It follows that the four vertices included only three edges in contradic 
tion to t = 4. 
If 1 V(A)1 2 7 and IA 1 = 4 we can’t have any interior vertex (see (7)) and therefor’ 
IR,(A)l 2 7. 
If 1 V(A)1 E{ 5,6} we get from Table 3.2, r( I I/(,4)() = 4 and it follows that O(4) 2 L 
t = 5. From Table 3.1 we get 5 I 1 V(A)/ I 8. 
If 1 V(A)1 2 7 and JA 1 = 5 we have at most one interior vertex (see (7)) and therefor 
lR,(A)I 2 6. 
If I UA)l~{5,6} we get from Table 3.2, r(l V(A)\) = 4 and it follows that O(5) 2 L 
t = 6. From Table 3.1 we get 6 I I V(A)\ I 8. 
If ) V(A)1 2 7 and IAl = 6 we have at most two interior vertices (see (7)) an 
therefore [R,(A)1 2 5. 
If ( V(A)1 = 6 we get from Table 3.2, r(l V(A)I) = 4 and it follows that O(6) 2 4. 
Therefore S(3) 2 2(2 + 3 + 3 + 4 + 4) + 4 + 23 = 44. By edge numbering jr u 
get for Q3, Sr,(3) = 44 and therefore S(3) = 44 (see Fig. 4). (See also Table 4.) 
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n = 4: For an edge set A and the vertex set V(A) of Q4 we get with Facts 2.1 and 2.3 
the second and third row of Tables 4.1 and 4.2 (m(t), M(t), i(m), r(m)). Now we want to 
prove the correctness of the 13(t) in Table 4.1. 
For 1 I t I 4 it is easy to check that 13(t) is correct. 
t = 5. From Table 4.1 we get 5 I IV(A)1 I 10. 
Let ) V(A)\ = 5 and suppose r() V(A)J) = 4. Then one of the five vertices must be an 
interior vertex. It follows that the five vertices induced only four edges in contradic- 
tion to t = 5. 
For 6 I 1 V(A)1 s 10 we get from Table 4.2, r(l V(A)1 2 5 and therefore 6(S) 2 5. 
t = 6. From Table 4.1 we get 6 I 1 V(A) 1 I 12 and then from Table 4.2, 
r(j V(A)/) 2 5. Therefore d(6) 2 5. 
Table 4 
x P’r I (xl M,! (xl D,, (xl 
1 1 3 3 
2 1 6 6 
3 2 8 7 
4 3 9 7 
5 4 10 7 
6 6 11 6 
I 8 12 5 
8 10 12 3 
S,z(3) = i D,,(x) = 44 
x=1 
Table 4.1 
IAl = t m(t) M(t) et1 
1 2 2 2 
2 3 4 3 
3 4 6 4 
4 4 8 4 
5 5 10 5 
6 6 12 5 
7 6 14 6 
8 7 16 6 
9 I 16 6 
10 8 16 6 
11 8 16 I 
12 8 16 I 
13 9 16 7 
14 10 16 7 
15 10 16 I 
16 11 16 6 
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I WN = m i(m) r(m) 
1 0 1 
2 0 2 
3 0 3 
4 0 4 
5 1 4 
6 1 5 
I 1 6 
8 2 6 
9 2 7 
10 3 I 
11 5 6 
12 5 I 
13 6 I 
14 8 6 
15 11 4 
16 16 0 
t = 7. With the same arguments as for t = 5 we get e(7) 2 6. 
t = 8. From Table 4.1 we get 7 < ( V(A)( = 16. 
For IAl = 8 and 1 V(A)1 2 15 we have no interiror vertex (see (7)) and therefore 
(R,(A)1 2 1.5. 
If 7 I 1 V(A)\ I 14 we get from Table 4.2, r(l V(A)]) 2 6 and it follows that e(8) 2 6. 
t = 9,lO. With the same arguments as for t = 8 we get e(9) 2 6 and 0(10) 2 6. 
t = 11. In [l] it is shown that 0(11) 2 7. 
t = 12. From Table 4.1 we get 8 I IV(A)( I 16. 
If 1 V(A)1 = 8 or IV(A)1 = 11 we get with the same argument as for t = 11, 
lR,V)l 2 7. 
If ( V(A)1 2 14 we have for JAI = 12 at most three interior vertices (see (7)) and 
therefore (R,(A)1 2 11. 
If (V(A)lE{9, 10, 12, 13) we get from Table 4.2, r(l V(A)\) = 7 and it follows that 
e(l2) 2 7. 
t = 13, 14, 15. With the same arguments as for t = 12 we get 0(13) 2 7, 8(14) 2 7 
and e(l5) 2 7. 
E = 16. From Table 4.1 we get 11 I I V(A)\ I 16. 
If I V(A)( 2 14 we have for (A( = 16 at most six interior vertices (see (7)) and 
therefore /R,(A)/ 2 8. 
If (k’(A)(~{ll, 12, 13) we get from Table 4.2, r(l V(A)I) 2 6 and it follows that 
e( 16) 2 6. 
Therefore S(4) 2 2(2 + 3 f 4 + 4 + 5 + 5 f 6 + 6 + 6 + 6 + 7 + 7 + 7 + 7 + 7) 
+6+24=186. 
For the edge numbering f2 of Q4 we get Sf,(4) = 186, therefore S(4) = 186 (see 
Fig. 5). (See also Table 5.) 
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Fig. 5. 
Table 5 
x P,,(X) MJ> (xl DJ,(X) 
1 1 4 4 
2 1 9 9 
3 2 13 12 
4 3 15 13 
5 4 16 13 
6 5 18 14 
I 7 20 14 
8 11 24 14 
9 9 22 14 
10 13 26 14 
11 15 28 14 
12 17 29 13 
13 18 30 13 
14 20 31 12 
15 24 32 9 
16 29 32 4 
Sj2(4) = f D,>(X) = 186 
x=1 
Values of W(n). 
n = 2. It is simple to verify that W(2) = 2. 
n = 3. We will apply Theorem 4.1 and obtain W(3) 2 6. Figure 6 shows an edge 
numbering fof Q3 with W,(3) = 6 and therefore W(3) = 6. (See also Table 6.) 
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Fig. 6. 
Table 6 
x P&4 M,(x) D,(x) 
1 1 5 
2 1 6 
3 2 7 
4 5 10 
5 3 8 
6 6 11 
I I 12 
8 8 12 
W, (3) = max D,(x) = 6 
lSXd8 
n = 4. Let fbe an edge numbering with W,(n) = w(n). 
We have the lower bound 
w,(n)zqqx[i~~,Gi(~),)/nl+l (8) 
where A is the set of edges with f(A) = {1,2, . . . . t}. 
Let us consider the case K = 2 and t = 3. So A = {el, e,, es) with f(A) = {1,2,3}. 
Suppose that there are two edges, e, and e2, without common vertex. We divided the 
Q4 into two Q3, e, in one of the halves and e2 in the other. 
For ei, i = 1, 2, in its subcube we get 
IG,(ei)l + IGz(ei)l = 10. 
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Since Gr(er) covers six vertices in its subcube we get 
IGI( + IG,(A)I 2 IGl(eI,ez)l + IG(eI, 4 - 1 
2 2(IG,(e,)l + IGz(el)l) - 1 + 6 = 25. 
Therefore W(4) 2 14. 
Suppose now that all three edges e,, e2 and e3 have a common vertex. In this case 
(G,(A)( + IG,(A)( = 25 and W(4) 2 14 too. 
In Fig. 5 we have the edge numbering f2 of Q4 with W,,(4) = 14, therefore 
W(4) = 14. 
Remark 5.1. Another proof to show that W(4) 2 14 is based on the following idea. 
We used (8) with k = t = 2 and the fact that the reverse numbering of an optimal edge 
numbering of Q4 is also optimal. 
6. Random numberings 
In this section we consider the mean value of IV, and S,, respectively, over all 
(n2”- ‘)! possible e d g e numberings of Q,,. Taking the uniform probability distribution, 
Prob(f) = l/(n2”-‘)! for all f, the parameters p(x), M(x), D(x) (each for fixed vertex 
x), W and S are random variables. Then the expectation 
ES = (n2”1- l)! 7 Sf 
may be computed as follows 
ES = E CD(x) 
( ) 
= xED(x) = 2”ED = 2”(EM - E,u + 1) 
X X 
since the random variables D(x), M(x) and p(x) do not depend on x. Since for an 
arbitrarily fixed vertex XEQ, with E(x) = {er , . . . , e,} the lengths of the intervals 
II,12, . ..> In+1 (cf. Fig. 7) are identically distributed random variables these lengths 
have the same expectation E = (n2”-’ - n)/(n + 1). But Ep = 1 + E and 
EM = n2”- ’ - E and consequently 
ES = 2”(n2”-’ - 2E) - n22”-1. 
/+--1I-+-12-I . . . /4--72+l-_)( 
I I I I 
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Furthermore, for the expectation E W = l/(nZ”-I)! cf WI we have 
EW> ED = EM - Ep + 1 = n2”-’ - 2E - n2n-1. 
Hence E W - n2”-’ since W, I n2”- 1 1s a trivial upper bound for all numberings f: 
We derived the following 
Theorem 6.1. For ES = x,Sr/(n2”-1)! we have 
ES ‘v n22n- ‘, 
and for E W = Es W,/(n2”-I)! we have 
EW- rLY1 
as n + co. 
Since moreover S, I n22”-1 and W, I n2”- ’ for all numberings J we have the 
following 
Corollary 6.2. There are E = E(n), and 6 = S(n), both tending to 0 as n -+ GO, such that 
for more than (1 - ~)(n2”-‘)! numberings f the inequalities W, 2 (1 - 6)n2”-’ and 
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